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GROUPOIDS VIEWED AS INVERSE SEMIGROUPS
MARAT AUKHADIEV
1. Groupoids viewed as inverse semigroups
Apart from the well-known construction of a universal groupoid of an
inverse semigroup described in [1], there exists one more simple connection
between groupoids and inverse semigroups. We recall the definitions of an
inverse semigroup and a groupoid from [1].
1.1. Let P be a semigroup. Elements x and x∗ in P are called mutual
inverses if
xx∗x = x, and x∗xx∗ = x∗.
The semigroup P is called an inverse semigroup if for any x ∈ P there exists
a unique inverse element x∗ ∈ P . Further, P always stands for an inverse
semigroup.
Theorem 1.2. (V. V. Vagner [2]). For a semigroup S in which every ele-
ment has an inverse, uniqueness of inverses is equivalent to the requirement
that all idempotents in S commute.
The set of idempotents of an inverse semigroup P forms a commutative
semigroup denoted E(P ). In fact,
E(P ) = {xx∗|x ∈ P} = {x∗x|x ∈ P}.
1.3. A groupoid is a set G together with a subset G2 ⊂ G × G, a product
map (a, b) 7→ ab from G2 to G, and an inverse map a 7→ a−1 (so that
(a−1)−1 = a) from G onto G such that:
(1) if (a, b), (b, c) ∈ G2, then (ab, c), (a, bc) ∈ G2 and (ab)c = a(bc);
(2) (b, b−1) ∈ G2 for all b ∈ G, and if (a, b) belongs to G2, then a−1(ab) =
b and (ab)b−1 = a.
Define source and range maps d, r on G by
d(x) = x−1x, r(x) = xx−1.
Then for any x ∈ G we have d(x−1) = r(x), r(x−1) = d(x), x = xd(x) =
r(x)x. One can check that (x, y) ∈ G2 if and only if d(x) = r(y). Denote by
G0 the image of d (and r). For any x ∈ G0 we have x−1 = x2 = x.
Lemma 1.4. For any groupoid G there exists an inverse semigroup S(G),
such that as a set S(G) = G ∪ {0} and multiplication in S(G) extends the
multiplication in G.
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Proof. As a set take S(G) = G1 ∪ {0}. For any pair (a, b) ∈ G × G \ G2
set a · b = 0. For every a ∈ G set a∗ = a−1, and 0∗ = 0. The relation
aa∗a = a then follows immediately. Recall, any idempotent in G is of
the form aa−1 and (a−1, b) ∈ G2 only if aa−1 = d(a−1) = r(b) = bb−1.
Therefore, for any a, b ∈ S(G) either a∗b = 0 and then aa∗bb∗ = 0, or
aa∗bb∗ = aa∗ = bb∗ = bb∗aa∗. Therefore, any two idempotents in S(G) are
either orthogonal or equal. Hence, S(G) is an inverse semigroup. 
Lemma 1.5. For any inverse semigroup S with a zero and without a unit,
in which all projections are mutually orthogonal, there exists a groupoid
G(S) = S \ {0} with a multiplication restricted from S.
Proof. Indeed, define the groupoid G = G(S) by formulas
G = S \ {0}, G(2) = {(x, y) ∈ S × S| x · y 6= 0},
x · y = x·Sy, x
−1 = x∗.
Then, as usual, we get range and source maps: r(x) = xx∗, d(x) = x∗x and
the set of units G(0) = {xx∗| x ∈ S, x 6= 0}, the set of non-zero idempotents
of S. For any x, y ∈ S we have xy = 0 if and only if x∗xyy∗ = 0. Therefore,
(x, y) ∈ G(2) if and only if x∗x = yy∗. Hence, for such x, y one has x∗xy = y,
xyy∗ = x. Now the last thing is to check associativity. Take x, y, z ∈ S,
such that (x, y), (y, z) ∈ G(2) and suppose (xy)z = xyz = 0. Then one has
x∗xyz = 0⇒ yy∗yz = 0⇒ yz = 0,
which is a contradiction. 
We see that algebraically groupoids form a special class of inverse semi-
groups: inverse semigroups with zero and without a unit, and where all
projections are mutually orthogonal. It is easy to verify that if G is a dis-
crete groupoid, then any representation of G generates a *-representation
of S(G). The reverse is also true if we require that a *-representation of
an inverse semigroup satisfies pi(0) = 0. Hence, the C*-algebra C∗(G) is
isomorphic to C∗(S(G)).
Unfortunately, this does not hold for locally compact groupoids or even
r-discrete groupoids. The reason is that the multiplication extended from a
groupoid G to S(G) is not continuous, so the topology of G does not make
S(G) into a topological semigroup. From this point of view, the theory of
topological groupoids is a theory of a special class of inverse semigroups with
a “partial” topology, i.e. a topology given on its subspaces.
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